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OUTLINE

@ Motivation: Reflection Seismology

@ Mathematical model:
time harmonic case, linearized elasticity, isotropic medium

The inverse problem

Some history

Regularization: Unknown parameters are piecewise constant on a
finite partition of the background domain

Parameter identification (given the partition)
Quantitative Lipschitz stability estimates
Reconstruction algorithm

Partition identification
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Final remarks
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FORMULATION OF THE PROBLEM
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MOTIVATION

@ Reflection Seismology

o Nondestructive testing of materials
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Time harmonic elastic wave equation
div(CVu) + w?pu =0

where C is the elasticity isotropic tensor and p the density, w frequency

Lamé system of elasticity (w = 0)

div(CVu) =0
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MATHEMATICAL FORMULATION

div(CVu) +w?pu = 0in Q C R3
u = 1 on 0f,

Vu:= 3 (Vu + (VU)T> strain tensor

Y € HY2(9Q) boundary displacement field,

C elasticity tensor: isotropic, bounded and strongly convex

C= /\/3®I3+2ld[sym7
ag < p<agt, Bo<22u+31< Byt

p density
Yo<p<!
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WELL-POSEDNESS OF THE DIRECT PROBLEM

Let A9 be the smallest Dirichlet eigenvalue of the operator — div(CoV) in
Q, where Cy = wb ® k + 2aglsym (so that C > Cop). Then, for any

)\O

there exists a unique weak solution u € H*(Q) of

div(CVu) +w?pu = 0in Q C R3
u = 1 on OS2

Define the Dirichlet to Neumann map Ac, : H1/2(8Q) — H*1/2(6Q)

Ac,pt = (CVu)vog
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FORMULATION OF THE INVERSE PROBLEM

SEISMIC INVERSE PROBLEM

Determine C = (i, A) and p from knowledge of the Dirichlet-to Neumann
map Ac,,
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KEY ISSUES

e Uniqueness
o Stability

@ Reconstruction
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UNIQUENESS

Static elastic case: w =0

IKEHATA (1990): linearized version.

AKAMATSU, NAKAMURA AND STEINBERG (1991) 2D , NAKAMURA,
UHLMANN (1995) 3D

A, € C* implies determination of A, 1 and their derivatives on the
boundary of a smooth domain.

NAKAMURA AND UHLMANN (2003), ESKIN AND RALSTON (2002) 3D
Uniqueness of Lamé coefficients ), 1 from the DtN map if

A\, € C°(Q) and p is close to a constant

NAKAMURA AND UHLMANN, 1993 2D Uniqueness A,z € C*(Q) and
A, 4 are close to a constant

IMANUVILOV, YAMAMOTO, (2013) 2D
Global result for C1° Lamé coefficients.
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UNIQUENESS

Case w # 0
Acoustic time harmonic waves

V- (vVu) + qu?u =0

NACHMAN (1988): Uniqueness of v € C? and g € L°° with DtoN maps at
two different admissible frequencies.
a>0,c>0

-V - (aVu)+cu=0,

ARRIDGE-LIONHEART (1998) nonuniqueness
HARRACH (2012) uniqueness piecewise constant diffusion and absorption
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CONDITIONAL STABILITY

Concerning stability: logarithmic (or worse) one is expected, (conductivity
inverse problem: MANDACHE 2001).

LOOK FOR A-PRIORI ASSUMPTIONS ON THE UNKNOWN PARAMETERS

@ PHYSICALLY RELEVANT

@ GIVE RISE TO A BETTER TYPE OF STABILITY
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REGULARIZATION

@ Small volume conductivity inhomogeneities: FRIEDMAN-VOGELIUS
(1989), VOGELIUS-FENJIA -MOSKOW (1998), AMMARI-B.-FRANCINI
(2006).....

@ Small volume elastic inhomogeneities:
AMMARI-KANG-NAKAMURA-TANUMA (2002),
B.-BONNETIER-FRANCINI-MAZZUCATO (2012)

o Finite parametrization of conductivities

N N
7= wxo, UDj=0
j=1 j=1

ALESSANDRINI-VESSELLA (2005), B.-FRANCINI (2011) (COMPLEX
CASE), GABURRO-SINCICH (2015) (ANISOTROPIC CASE)

= Lipschitz stability estimates
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MAIN RESULTS
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MAIN ASSUMPTIONS

N
C(x) = > (Am0ijdus + tem(3kiSj + Ski01)) XD (X)

m=1
N

p(x) =D pmxDn(%)

m=1

{Dj}jN:l, disjoint Lipschitz, partition of Q.
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MAIN GOAL

@ Parameter estimation (determination of A, pj, pj,j =1,--- , N),
@ Interface identification (determination of D;,j =1,---, N)
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Part IV

PARAMETER ESTIMATION
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MAIN ASSUMPTIONS ON THE PARTITION {D;}i<j<p

AND ON

o (H1) Q {Dj},.;p Lipschitz domains with constants L, rp
o (H2) Q| < A3
o (H3) {Dj},-;<y is a partition of ©,

° (H4) OD1 NI =% is flat and Vj € {2,..., N} there exists
Jise-oyjm € {1,..., N} such that

D, =D:, D

Im

= D_I7

and
Y, Ccob; ,noD;, CcQ Xy flat, Vk=2,....M
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POLYHEDRAL PARTITION
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Part V

THE MAIN RESULTS
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Local Dirichlet to Neumann map )

H2(x) = {¢ e HY2(9Q) : supp ¢ C ¥ C aQ}

H;,l/z( Y) topological dual of H1/2(Z)
The local Dirichlet to Neumann is

2 1h € HY2(X) = (CVu)nls € Ha*(5).
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e Identify /\%’p with the bilinear form on Hgf(Z) X Héf(i) by
Kép(zﬂ,@ =< /\%,pw@ >= /Q(Cﬁu Vv — wpu - v
Vi, ¢ € HEL2(T) and where u is a solution to the BVP with datum v

and v is any H}(Q) function s. t. v = ¢ on 9Q
e Denote by

|| TH* = SUP{< T¢’¢ > W}vqb € Hz::lc{2(z)a Hd}”Héf(Z) = ||¢||Hio/2():) = 1}

for every T € L (Hgéz(Z), H;1/2(Z)>.
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MAIN STABILITY RESULT

B., bE Hoopr, FRANCINI, VESSELLA, ZHAI (2017)

THEOREM

0
Let w? € (0, WOT/\l] Then, there exists a positive constant C depending on
L, A, N,ag, Bo, 70, A such that, for any C¥, k = 1,2 and p* we have

da((Ch, '), (C?,p%)) < ClIAG 1 — A2 ol

WHERE

da((Ch, ), (C?, p%)) = max{|IA! = N[y, 11" = 12|, 10" = PPl

STATIC CASE (w = 0)

B. FRANCINI, S. VESSELLA (2014)

Extension to case of C1'® interfaces B. FRANCINI, MORASSI, ROSSET,
VESSELLA (2015)
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MAIN INGREDIENTS OF THE PROOF

Proof: constructive and based on an iterative procedure

e QUANTITATIVE AND GLOBAL FORM OF THE INVERSE MAP
THEOREM

@ SINGULAR SOLUTIONS: Construction of Green's function with
singularity close to ¥ and study of asymptotic behaviour near %.

o QUANTITATIVE ESTIMATES OF UNIQUE CONTINUATION FOR
SOLUTIONS OF ELLIPTIC SYSTEMS
Unique continuation property: Let v € H1(K) be a weak solution to

div(C%v)—i—wzpv:O in K,

which vanishes in an open subset Ky C K with C constant isotropic
tensor. Then v =0 in K.
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QUANTITATIVE INVERSE FUNCTION THEOREM

PROPOSITION - Bacchelli-Vessella 2006.
Let K ¢ A c RY, K compact, A open,

dist (K,Rd\A> > My, and K C By, (0).

F:A—B

BB Banach space.
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QUANTITATIVE INVERSE FUNCTION THEOREM

@ F is Fréchet differentiable;

@ F’ uniformly continuous, o1(-) modulus of continuity of F’ ;

Q F|K is injective;

Q@ (F),)~*: F(K) — K uniformly continuous , with modulus of
continuity o(+)

xelrgj\iiqzl |F'()lAl|| 8 = g0 > 0.

Then
1 = xollps < Cl|F(x1) = F()lls Vx1,% € K,

where C = max{ 3{‘2’31), %} , for 61 = 2 min{do, Mo} with do = ofl(%).
92
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REFORMULATION OF THE PROBLEM

o L:=(A1, s AN i1y BN, P, - - o) € BRIV,
o

N
CL=>_ (Nh®h+21lsm) xp,(x),
j=1

Ll = max, {max{IA. i, os1}}-
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REFORMULATION OF THE PROBLEM

0
Let w? € (0, %T’\l] and let

F:KCACR3N—>B::£< HeL(5), Heo (2 ))
F(L) = AL

If F satisfies the assumptions of the proposition then

IL" = Ll < CIF(LY) = ALl VL, L* €K

C depends on L, A, N,ao,ﬂo,’yo,/\cl’ only.
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DIFFERENTIABILITY OF F AND LIPSCHITZ

CONTINUITY OF F’

F is Frechét differentiable in A and

< F'(L)[H]Y, ¢ >= /QHﬁuL : @vL — hw?ug - v dx

where H = Cy and h = ppy .

The proof is straightforward being a simple consequence of definition of F
and of F’.
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INJECTIVITY OF F|K AND UNIFORM CONTINUITY OF

G

A first very rough stability estimates for (Fx) ™" can be derived

\Iogt| m for 0<
o(t) = { +1 for t

where 1 depend on A, L, ag, Bo, N only

IL' = Lo < GaN(IF(LY) = F(LD)],) VL, L2 €K
where
o oV()=00-- 00, (N times)

e C, depends on A, L, ag, Po, fyo,)\(l), N only

Proof is based on construction of singular solutions and on estimates of
unique continuation for solutions of elliptic systems
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INJECTIVITY OF F/ AND LOWER BOUND OF F’

THEOREM

Let

do = min{[|F(OIH]l« | L € K, H € RV, | Hloo = 1)

we have
(01) M1/ C) < qo, (1)
where C, > 1 depends on A, L, avg, Bo, Yo, )\(1) and N only.

Follows with similar arguments as those used to prove continuity of
-1
(Fi)
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LIPSCHITZ STABILITY IN TERMS OF THE LOCAL

NEUMANN TO DIRICHLET MAP

Local Neumann to Dirichlet map J

HLA(x) = {¢ e HY2(89Q) : supp ¢ C ¥ C aQ}
H-1/2(T) = {1/1 € H-12(9Q) : < 4, f >=0, Vf € Hcléz(Z)}

NE, e HYA(E) = uly € (HTY3(X))" € HY3(0Q)
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LIPSCHITZ STABILITY IN TERMS OF THE LOCAL
NTOD MAP

THEOREM

There exists a positive constant C depending on L, A, N, ag, Bo, Y0, /_\(1)
such that, for any Ck, k =1,2 and pk satisfying the stated assumptions

0
and frequency w? € (0, 707’\1]

da((Ch, p1),(C?,p%)) < ClING 1 — N 2«

v

where \? is the first positive Neumann eigenvalue of the (known) operator
Co introduced previously.
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LIPSCHITZ STABILITY IN TERMS OF THE LOCAL
NTOD MAP

MAIN ASSUMPTION
The elasticity tensor and density are known in a neighborhood of ¥ (D)

THEOREM

There exists a positive constant C depending on L, A, N, ag, 5o, Y0, 5\(1)
such that, for any CX, k = 1,2 and pk satisfying the stated assumptions

0
and frequency w? € (0, 7OT)‘I]

da((Ch, pY),(C?,p%)) < CING i — N ol iz, (5), 25y

where L2 (Y) = {g € L2(0) : suppg C ¥~}
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RECONSTRUCTION ALGORITHM

DE Hoop, QIU, SCHERZER, 2012

Lipschitz stability estimates = local convergence of iterative
reconstruction methods

m = (C, p) and m' = (Ct, pI) where m' represents the parameter
corresponding to the true model.

e m=m' in D = N5 — N'% Hilbert Schmidt operator

e Consider for n sufficiently large the functional
1 S o oy 2 1 > > 12
Jm) = 2 SNV~ NE8 oy ~ 5N — N s
j=1

where {g;}$° is an orthonormal basis in L2,(¥).
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MINIMIZATION OF THE MISFIT FUNCTIONAL

CONSTRAINED MINIMIZATION

arg m”'l-j 2Z/|UJ - r‘neas‘2

me

« weak solution to

div(CVw) +w?pd = 0in Q C R3
(CVW)y = gl ondQ
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COMPUTATION OF THE GRADIENT

To compute the gradient of the functional J we use Lagrangian approach

L(m,ut, . u" v —i—ZF (m,u’, v

and
a(m,u’,v) = /Q(Cﬁu"(x) LV (x) — w?pul (x) - vi(x)

Each v/ is Lagrange multiplier associated to a particular constraint i.e. the
state problem with datum g'.
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COMPUTATION OF THE GRADIENT OF J

From the optimality conditions for £ and the chain rule it is easy to see
that

Vmd(m) = Ln(GH(m), ..., 5" (m), v(m),...7"(m), m) ]
where @t(m), ..., i"(m) are the state solutions of the direct problem with
datum g',...,g" and ¥!(m),..., V" (m) are the adjoint state solutions
satisfying

div(CV#) + w?pi¥ = 0inQCR3
(CVH) = xs(I¥ — theas) on OQ
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COMPUTATION OF THE GRADIENT OF J

V. J(m) = Vit (x) : Vi (x)
VA,J(m)—JZ;/DiV W)V - 7 (x)
Tom) =3 /| LORIC
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ALGORITHM: MULTI-LEVEL MULTIFREQUENCY

SCHEME

e Fix a (small) frequency and a coarse model representation
e Start from an initial guess and iterate a gradient method

@ Increase the frequency and fix a finer model representation and again
iterate a gradient method starting from the solution of the previous

step as initial guess
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NUMERICAL RESULTS: SHALLOW BODIES

Vo (ki)
4000

Ezmn

Vs fls)
2300 Vs fls)
22 2310

22

1212

FIGURE: On the left: true model of the compressional wavespeedV), and of the

shear wavespeed V5 . On the right final reconstruction of V,, V;
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NUMERICAL RESULTS: DEEP BODIES
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FIGURE: On the left: true model of V,, and V5. On the right final reconstruction
of V,, Vi
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Part VI

INTERFACE IDENTIFICATION
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INTERFACE IDENTIFICATION

N
C(x) = > (Am0ijdus + fam(3iSj + 6ki04i)) XD (X)

m=1

N
p(x) =D pmxD,(X)
m=1

"known" parameters A;, 11, pj

unknown domains D;

Highly nonlinear problem : Identification of a single elastic smooth
interface (log-log stability)

ALESSANDRINI-DI CRISTO-MORASSI-ROSSET (2014)
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ACOUSTIC TIME-HARMONIC WAVE EQUATION

N
Au+w?qu=0 inQ forg= quXDj
j=1

THEOREM

Let
N M
0_ N g0 1_\" g
¢° = § ) 4 xps, 4 Zlq, XDt
J= J=

with {Df‘ } regular partitions of tetrahedra, qj’-‘ in a given set of finite,
“distinguished” positive values, and w small enough, there exist ey and Cy,
such that if ||Njo — Ag|| < eo then

N=M, q =qi and dy(D},D})< ColAgp —Agpl

B.- FRANCINI-DE HOOP-VESSELLA (2015)

E. BERETTA (POLITECNICO DI MILANO) ICERM 6 Nov. 2017 46 / 49



FIRST STEP TOWARDS ELASTICITY CASE:

CONDUCTIVITY EQUATION IN 2D

Consider
F:vcRIN & L(HY2(T), (HY3(%)))

where V is the set of vertices of the polygonal partition.

Crucial step: Differentiability properties of the map F with respect to
vertices and determination of Frechet derivative.

Difficulty: Gradients of solutions may blow up at vertices.

N
0
7= 4l xor
=

Pjo,i (vertex of DJQ) = Pﬁi +tV; (vertex of Djf)
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FIRST STEP TOWARDS ELASTICITY CASE:

CONDUCTIVITY EQUATION

Let ug and vy be solutions to

div (7oVuwp) = 0in Q, div (voVw) = 0in Q,
u = fondQ. v = g ondf.

THEOREM

d
o< Nof g > emo= (K - 1)/ (MoV i - Vg)(0Y - o) do
t HPO

with My = 19 ® 109 + %no ® ng where 19 and ng are the tangent and outer

normal directions on OP° and <D(‘)/ is the affine function such that

oY (P?) =V, forj=1,23,

v

B.-FRANCINI-VESSELLA (2017)

Extends to Voronoi partitions. Extension to arbitrary partitions not known.
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CONCLUDING REMARKS

@ Prove differentiability of the Dirichlet to Neumann map (Neuman to
Dirichlet map) with respect to vertices and find the derivative in the
elastic case (2D and 3D)

@ Use differentiability properties to prove Lipschitz stability analogous
to the acoustic time harmonic case.

© Compute shape derivative of misfit functional to implement a shape
optimization based algorithm to recover subsurface rough elastic

interfaces
conductivity problem: B.-MICHELETTI-PEROTTO-SANTACESARIA

(2017)

E. BERETTA (POLITECNICO DI MILANO) ICERM 6 Nov. 2017 49 / 49



Thank you for your attention!
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BIPHASE FUNDAMENTAL SOLUTION

Consider the isotropic tensor
C=C'xpz +C xg3
where

Ct = ANz ® Iz + Q;L]Isym, C = )\//3 ® I3+ 2;/]15},,".

Explicit biphase fundamental solution
div (Cﬁr(~,y)) =5,k

RONGVED (1955).
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CONSTRUCTION OF THE (GREEN’S FUNCTION

o Extend Q to a new domain Qg := Q U Dg such that 9Qy is of
Lipschitz class.

e Extend the unknown tensor C and density p to Qp (still denote by C
the extension) such that

Cip,A = 2A , for every matrix A

Pip, =1

N
C = Coxpy(x) + Y _ Cixp, (%)

j=1

N
p = poxoo(x) + Y _ pixp,(x)
=1
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(GREEN’S FUNCTION

THEOREM

Let D = UJ-N:O@DJ- \UN_Zk. Vy € Qo\D, there exists G(-, y), continuous
inQ\{y}s t

| €96(9): T6=6p6.y) 6= 6ly), for every & € CE(9).

G(,y)=0 on dQ.

G(x,y) = G(y,x)T for every x,y € Qo\D.

1GC,y) =TC )y < € if dist(y,DUd0)) > r/C

1GC ) (o\B. () < Cr=Y2, if dist(y,DUdQ)) > ro/C

E. BERETTA

(POLITECNICO DI MILANO)
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ESTIMATES OF UNIQUE CONTINUATION

e Three Spheres Inequality: ALESSANDRINI- MORASSI, (2001)
o Estimates for the Cauchy problem: MORASSI-ROSSET, (2004)

@ Regularity C* at flat interfaces: CHIPOT-KINDERLEHRER-VERGARA
CAFFARELLI (1986), LI-NIRENBERG, (2003)
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ESTIMATES OF UNIQUE CONTINUATION

>

N

div(CVv) +w?pv =0 in K,

[Vl (ko) < €0,

diSt(X, ZM)
ro

1

2
[v(x)| < (eo + Eo) ( > for every x € ICp,.

Then )
lv(%)| < C <@> (Eo + 60)1*9mMTr609mMn
r

% = Py —2rv(Py), Py € £y, r € (0,19) and m, 7,0 € (0,1) and C
depend on ry, L, A, , g, Bo, N.
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A SKETCH OF THE PROOF OF UNIFORM CONTINUITY

OF (F)™

Set C:=C: and C:= Cp2, p:=pp and p:=pp
e = A%, — AE .

Consider the Green'’s functions in Qo = QU Dy corresponding to (C, p)
and (C, p) for y,z € Ky fixed. Then

-~

/Q (C—B)VG(,y) : VE(~2) —w?(p— P)G(x,y) - G(x,2) =
< (A(C,P - A((_Z,ﬁ)@('az)a G('a)/) >

Hence, since dist(Ko, Do) > ry/C,

| (€= E)96(.): T6(2) = (0= D6lx.y) - Glx.2)| < Cz
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SKETCH OF THE PROOF

Define, for y,z € Kp

~

Soly.2) = / (C-C)VG(y) : TE(2)—w(p—7)G(x,¥) G(x, 2),
Qo\ Do
SO('az)aso(y7 ) € H/]bc(DO) Vy,z € DO
div(CV, 88D (-, 2)) + w2pS§ (-, 2)) =0 in Dy,
div(CV,8P (v, ) + w?pSP(y,)) =0 in Dy.
|So(y,2)| < Ce Vy,z e Ky x Ko,

and
[Soly, 2)| < C(dist(y, ¥)dist(z,))"? , y,z € Dy,
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SKETCH OF THE PROOF

By smallness propagation estimates and regularity estimates of the
gradient we have

‘So(yr’zr)| = Cr_9/257—’, |8y182180(y” Zr)| < Cf_15/267’,

where y,, z, are points at distance r from ¥ and y;, z; are directions lying
in 2. Putting together the estimates of unique continuation with the
asymptotic behaviour of the Green functions close to the interface we get

1 — fials [\ — Al | o1 — pa| < wale)
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SKETCH OF THE PROOF

Consider
Si.2) = [ (C-OFG(1y): TE(. D)= o) Glx, )G, 2),
Qo\D()UDl
Then, for y,z € Ky
|$1(y72)| S C(E + w1(€)),

[S1(y,2)| < C(dist(y, £)dist(z,5))"* , y,z € DU Dy,

So, similarly, using the properties of S; we can show

|2 = fizl, [ A2 = Xal, [p2 — 2| < wale)
and iterating the argument we get

k1 — Fiksa ] M1 — Mg ls [kt — Prga] < wiera(€)
forall k=0,....M
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